In this paper, we consider topological semigroup actions on compact topological spaces. Under mild assumptions on the semigroup and the action, we construct a semi-direct product groupoid with a Haar system. We also show that it is equivalent to a transformation groupoid. We apply this construction to the WienerHopf C * -algebras.
Introduction
Various constructions associate C*-algebras to semigroups. This article is concerned with the groupoid approach to Wiener-Hopf C*-algebras introduced in [MR82] . The literature on semigroup C*-algebras is too vast to be reviewed here and this introduction will be limited to the groupoid approach. There has been a renewed interest for Wiener-Hopf C*-algebras (also known as Toeplitz C*-algebras) of semigroups (see for example [Li13, Li12] ) motivated by the study of ring C*-algebras. Most of the theory of semigroup C*-algebras, in particular the recent work on Toeplitz C*-algebras, deals with discrete semigroups. While the definitions of [MR82] are given for rather general locally compact semigroups, the subject studied there is Wiener-Hopf C*-algebras of cones in R n , more specifically polyhedral cones and homogeneous self-dual cones. At the time of the writing, the authors did not have in mind applications to non-commutative semigroups. However, such applications came shortly after. In [Nic94, Nic92, Nic87] , A. Nica used the techniques of [MR82] to study the C*-algebras of a large class of noncommutative semigroups, among them free semi-groups. J. Hilgert and K.-H. Neeb also applied in [HN95b, HN95a] groupoid techniques to define and study Wiener-Hopf C*-algebras associated to subsemigroups of Lie groups. A thorough analysis of the WienerHopf C*-algebras of cones in R n , giving index theorems and K-theory computation has been done more recently by A. Alldridge and coauthor [AJ07, AJ08, All11] . The general case of a subsemigroup P of a locally compact group G is given in [MR82] but the treatment given there present some deficiencies: on one hand, the assumptions made in 3.1 are too strong, for example it is assumed that P is a normal subsemigroup; on the other hand, some proofs are incomplete, such as the continuity of the Haar system; they also rely on a result recalled in 2.16 [MR82] which is only known under an amenability assumption. The aim of this short article is to remedy these deficiencies. We can also take advantage of two notions which were not developed when [MR82] was written. The first one is the so-called Deaconu-Renault groupoid, more aptly called the semi-direct product by a semi-group. It is an elementary construction which builds a groupoid from a semigroup action. It gives here a direct construction of the C*-algebra of the action. The second one is groupoid equivalence, or more generally groupoid correspondence. It will be used to show that the Wiener-Hopf C*-algebra is Morita equivalent to a crossed product of a commutative C*-algebra by the group G.
The organization of this paper is as follows.
In Section 2, we first introduce the class of locally compact semigroups considered in this work, namely the continuous Ore semigroups. Given such a semigroup P , its Wiener-Hopf C*-algebra is defined as the C*-algebra of operators on L 2 (P ) generated by the Wiener-Hopf operators with symbol either in P or in the ambient group G. Section 3 gives the construction of the topological groupoid associated with the action of a topological Ore semigroup on a compact topological space. This is the semi-direct product groupoid alluded to earlier. This work is limited to the case of an injective action. We give some basic examples.
Section 4 gives the existence of a continuous Haar system in the locally compact case. It relies on the techniques of [HN95b] .
The main theorem of the paper is given in Section 5. It states that the Wiener-Hopf C*-algebra of a continuous Ore semigroup P is isomorphic to the reduced C*-algebra of a semi-direct product groupoid X⋊, P , where X is a suitable compactification of P .
In Section 6, we make the observation that the semi-direct product groupoid X ⋊ P is equivalent to the semi-direct product Y ⋊ G, where (Y, G) is the Mackey range of the canonical cocycle c : X ⋊ P → G. More precisely, X ⋊ P is isomorphic to a reduction of Y ⋊ G. This is applied to the computation of the K-theory of some Wiener-Hopf C*-algebras.
Section 7 gives the example of the "ax+b" semigroup on R.
2 The regular C * -algebra of a continuous Ore semigroup Throughout this paper, we let P to denote a closed subsemigroup of a locally compact group G containing the identity element e. We also assume the following.
(C1) The group G = P P −1 , and (C2) The interior of P in G, denoted Int(P ), is dense in P .
Remark 2.1 Note that
• (C1) is equivalent to the fact that P generates G and given a, b ∈ P , the intersection aP ∩ bP is non-empty. Such semigroups are called right reversible Ore semigroups.
• Also note that P Int(P ) and Int(P )P are contained in Int(P ). Thus Int(P ) is a semigroup. Since Int(P ) is nonempty, it follows easily that G = Int(P )Int(P ) −1 .
Let µ be a left Haar measure on G and let ∆ be the modular function associated to G. We always view L 2 (P ) as a closed subspace of L 2 (G) by extending a function on P to one on G by declaring its value outside P as zero. For a ∈ P , let V a be the operator on L 2 (P ) defined as follows: For ξ ∈ L 2 (P ), define V a (ξ) by the formula
For g ∈ G, let U g be the unitary on L 2 (G) defined by the right regular representation
that for a ∈ P , V a = EU a E. Now the following are easily verifiable.
(1) The maps
For a ∈ P , V * a is an isometry, and
For f ∈ L 1 (P ), let W f be the bounded operator on L 2 (P ) given by
The operator W f is the Wiener-Hopf operator associated to the symbol f . If f ∈ L 1 (G), we let
The C * -algebra generated by {W f : f ∈ L 1 (G)} is called the Wiener-Hopf algebra associated to P and let us denote it by W(P ).
We need the following lemma to prove Proposition 2.2.
Lemma 2.3 Let
Then the linear span of F is dense in L 1 (G).
Proof. First note that if K n is a decreasing sequence of compact sets with non-empty interior such that
1 Kn is an approximate identity in
Now let U n be a decreasing sequence of compact neighbourhoods around e (i.e. e ∈ Int(U n )) such that n U n = {e}. Since e ∈ Int(U n ) ∩ P and Int(P ) is dense in P , it follows that Int(U n ) ∩ Int(P ) is non-empty. Set V n := U n ∩ P . Then V n is a decreasing sequence of compact sets with non-empty interior such that n V n = {e}. Let
Then φ n ∈ L 1 (P ) and (φ n ) is an approximate identity in L 1 (G).
Now let f ∈ C c (G) be given and let K be its support. Since G = (Int(P ))(Int(P )) −1 , it follows that there exists a 1 , a 2 , · · · , a m ∈ Int(P ) such that
By choosing a partition of unity, we can write
Thenf i ∈ L 1 (P −1 ). Also note that since a i ∈ P , it follows that L a i φ n ∈ L 1 (P ) for each i and each n.
Since left translations on L 1 (G) are bounded operators, it follows that as n tends to infinity,
Thus we have proved that C c (G) is contained in the closure of the linear span of F .
Note that σ is a bijection.
Lemma 2.4 The Radon-Nikodym derivative of the push-forward measure
Proof. Let φ, ψ ∈ L 1 (P ) be positive. Now calculate to find that
This completes the proof.
ψ ∈ L 1 (P −1 ) be compactly supported. Defineφ,ψ as
Let ξ, η ∈ L 2 (P ) be given. Now we have
Thus it follows that W φ * ψ ∈ C * red (P ). Now by Lemma 2.3, the proof is complete.
3 Semigroup actions and groupoids Definition 3.1 Let X be a topological space and P be a cancellative topological semigroup with identity e. A right action of P on X is a continuous map X × P → X, the image of (x, a) ∈ X × P is denoted by xa, such that
(1) For x ∈ X, xe = x, and (2) For x ∈ X and a, b ∈ P , (xa)b = x(ab).
In what follows, we assume that X is compact and P satisfies the hypotheses of Section 2. Morover we assume that the action is injective i.e. for every a ∈ P , the map X ∋ x → xa ∈ X is injective. This implies in particular that for a ∈ P , the map X ∋ x → xa ∈ X is a homeomorphism from X to Xa. Before we discuss the next example, let us review the Vietoris topology. Let X be a locally compact metric space. Let C(X) be the collection of all closed subsets of X. Then C(X) endowed with Vietoris topology is compact and is metrisable. We only need to know the convergence. Let (A n ) be a sequence in C(X). Define lim inf A n = {x ∈ X : lim sup d(x, A n ) = 0}, and
Example 3.3 Consider C(G), the space of closed subsets of G. We endow C(G) with the Vietoris topology. Then G acts on C(G) on the right. For A ∈ C(G) and g ∈ G, Ag = {ag : a ∈ A}. Let X be the closure of {P −1 a : a ∈ P } in C(G). Then P leaves X invariant.
Let X be a compact space on which P acts on the right injectively. Let
First let us prove that G is a closed in X × G. We need a little lemma.
Lemma 3.4 Let g ∈ G and let x, y ∈ X. Suppose g = ab
Then a 1 α = aβ and b 1 α = bβ. Now observe the following equivalences .
This completes the proof. ✷ Corollary 3.5 Let g ∈ G and x ∈ X be given. Then the following are equivalent.
2. There exists a unique y ∈ X such that if g = ab −1 with a, b ∈ P then xa = yb. We denote the unique element y as s(x, g).
Proof. Follows from Lemma 3.4 and the injectivity of the action. ✷ Now we prove that G is closed. Let (x n , g n ) be a sequence in G such that (x n , g n ) converges to (x, g).
n with a n ∈ U and b n ∈ V . Let y n ∈ X be such that x n a n = y n b n . If necessary, by passing to a subsequence of (a n , b n , y n ), which is possible as U × V × X has compact closure in G × G × X, we can assume that (a n , b n , y n ) converges to (a 1 , b 1 , y). Then the equality x n a n = y n b n implies that xa 1 = yb 1 .
But g n = a n b
We endow G with the subspace topology induced by the product topology on X × G. Let s : G → X be defined as follows. For (x, g) ∈ G, s(x, g) is the unique element in X such that if g = ab −1 with a, b ∈ P then xa = s(x, g)b. The fact that s is well defined follows from Corollary 3.5. We claim that s is continuous. Let (x n , g n ) be a sequence in G such that (x n , g n ) converges to (x, g). Let y n = s(x n , g n ). Since X is compact, to show s is continuous, it is enough to show that if y n converges to y then y = s(x, g). So suppose y n converges to y. As in the proof of the closedness of G, we can write g n = a n b −1 n with a n , b n lying in a compact subset of P . Then x n a n = y n b n . Let (a n k , b n k ) be a convergent subsequence and let (a, b) be its limit. Then it follows that xa = yb. But since a n b −1 n = g n converges to g, it follows that g = ab −1 . Hence y = s(x, g). This proves that s : G → X is continuous.
The space G has a groupoid structure. The multiplication and the inversion are given as follows.
Let us verify if (x, g) and (y, h) in G are composable, then (x, gh) ∈ G. Let g = ab −1 ,
Then gh = (aα)(dβ) −1 . Now
Hence (x, gh) ∈ G. The inverse is well defined follows from the definition. Since the map s is continuous, it follows that the multiplication and the inversion are continuous. Since G is closed, G is locally compact. Thus G is a locally compact Hausdorff topological groupoid. The unit space G 0 is homeomorphic to X. We denote this groupoid G by X ⋊ P .
Remark 3.6 The discussion in this section could have been simplified if we dilate the action of P to an action of the group G. The dilation of P to an action of G will appear naturally in Section 6 via the Mackey range construction. Here we prefer not to dilate as we would like to consider non-injective actions in the future. Also the groupoid G is defined without reference to the dilation.
Existence of Haar system
The main aim of this section is to show that the topological groupoid X ⋊ P has a left Haar system under some assumptions on the action. The proofs rely heavily on the techniques used in [HN95b] . We start with a lemma which is crucial to what follows. It is really Lemma II.12, page 97 in [HN95b] . We include the proof for completeness.
Lemma 4.1 Let P be a closed subsemigroup of a locally compact group G. Assume that e ∈ P and Int(P ) is dense in P . Let A ⊂ G be closed and AP ⊂ A. Then
(1) The interior of A, Int(A), is dense in A, and (2) The boundary of A, ∂A, has measure 0.
Proof. First observe that AInt(P ) is an open subset of A. Hence AInt(P ) ⊂ Int(A).
Since Int(P ) is dense in P , it follows that AInt(P ) and Int(A) are dense in A. Let U be a compact set such that e ∈ Int(U). We claim that there exists a sequence s n ∈ U ∩ Int(P ) such that s n ∈ Int(P )s n+1 .
Since U ∩P contains e, U ∩Int(P ) is non-empty. Choose s 1 ∈ U ∩Int(P ). Assume that we have choosen
This proves the claim.
To show that ∂A has measure zero, it suffices to show that if K ⊂ G is compact, then ∂A ∩ K has measure zero. Fix a right Haar measure µ on G.
Let s n be a sequence in
Now calculate to find that
Hence µ(∂A ∩ K) = 0. This completes the proof.
Here r : G → X is the range map. For x ∈ X, let Q x := {g ∈ G : ∃ a, b ∈ P such that g = ab −1 and xa ∈ Xb}.
Clearly g ∈ Q x if and only if (x, g) ∈ G.
Since G is closed in X × G, it follows that Q x , being the preimage of G under the map g → (x, g), is a closed subset of G. Also note that for z ∈ X and a ∈ P , (z, a) ∈ G. Now if g ∈ Q x and a ∈ P then (x, g) and (s(x, g), a) are composable and hence its product (x, ga) ∈ G. Thus Q x P ⊂ Q x . Now the following is an immediate corollary of Lemma 4.1.
Corollary 4.2 For x ∈ X, let Q x := {g ∈ G : (x, g) ∈ G}. Then Q x is closed, its interior is dense in Q x and its boundary has measure 0.
For x ∈ X, let λ x be the measure on G defined as follows. For f ∈ C c (G),
Here dg denotes the left Haar measure on G.
We can now state our main theorem.
Theorem 4.3 The following are equivalent.
(1) The groupoid G has a left Haar system.
(2) The map
(4) For a ∈ P , XInt(P )a is open in X.
(5) The measures (λ x ) x∈X form a left Haar system.
Proof. Suppose G has a Haar system. Then the source map s :
The implication (2) ⇒ (3) and (3) ⇒ (4) are obvious. Now let us prove (4) ⇒ (5). Assume (4). For x ∈ X, Int(Q x ) = Q x . Hence supp(λ x ) = G x . Now we check that for h ∈ C c (G), the map X ∋ x → hdλ x is continuous. For φ ∈ C(X) and
and the linear span of {φ ⊗ f : φ ∈ C(X), f ∈ C c (G)} is dense in C c (G) for the inductive limit topology. Hence it is enough to check that X ∋ x → 1 Qx (g)f (g)dg is continuous for every f ∈ C c (G). Fix f ∈ C c (G). Let (x n ) be a sequence in X such that (x n ) converges to x. We claim that 1 Qx n → 1 Qx a.e. Suppose g / ∈ Q x . Then (x, g) / ∈ G. Since G is closed in X × G, it follows that (x n , g) / ∈ G eventually. Hence g / ∈ Q xn . Thus we have shown that 1 Qx n converges (pointwise) to 1
it follows that the intersection V ∩ Int(P )b is non-empty. Let c ∈ V ∩ Int(P )b. Then ac −1 ∈ Q x . Thus xa ∈ Xc which implies xa ∈ XInt(P )b. Now XInt(P )b is open in X by assumption (4). Also the sequence x n a → xa. It follows that x n a ∈ XInt(P )b eventually. Thus x n a ∈ Xb eventually which implies that eventually (x n , g) ∈ G or in other words g ∈ Q xn . This shows that 1 Qx n converges to 1 Qx on Int(Q x ). Now by Lemma 4.2, ∂Q x has measure 0. Thus 1 Qx n → 1 Qx a.e.
By dominated convergence theorem, it follows that the map X ∋ x → 1 Qx (g)f (g)dg is continuous for f ∈ C c (G). Now let us verify left invariance. Let (x, g) ∈ G and denote s(x, g) by y. Then observe that Q y = g −1 Q x . This is because
Thus left invariance is verified. Thus we have shown that (4) implies (5). The remaining implication (5) implies (1) is just definition. This completes the proof. ✷ The conditions in the above theorem need not always have to be satisfied. Here is an example.
Then G is isomorphic to the semidirect product R ⋊ R * + . Here the multiplicative group R * + acts on R by multiplication. Let P := [0, ∞) × [1, ∞). Observe that the semigroup P is a closed in G, P P −1 = G and Int(P ) is dense in P . Let CP 1 := C ∪ {∞} be the one-point compactification of C. Let Y := {z ∈ CP 1 :
Im(z) ≥ 0}. Then G acts on Y on the right and the action is given by the formula
Here ∞ is left invariant. Now let
Then P leaves X invariant. The action of P on X is obviously injective. Note that Int(P ) = (0, ∞) × (1, ∞). We leave it to the reader to verify that X 0 := X(IntP ) = {(x, y) : x < 0, y < 1} ∪ {∞} which is not open in X. For (−n, 1) / ∈ X 0 but converges to ∞ ∈ X 0 .
5 Wiener-Hopf C * -algebras as groupoid C *
-algebras
The main aim of this section is to show that Wiener-Hopf C * -algebras can be realised as the reduced C * -algebra of a groupoid. This is known from [MR82] . However the proof of Proposition 2.17 in [MR82] is incomplete as we will see. Moreover we will show that Theorem 4.3 is applicable in this case. Let X be a compact Hausdorff space on which P acts on the right. Assume that the action X × Int(P ) → X is open so that the groupoid X ⋊ P has a left Haar system. We endow X ⋊ P with the left Haar system (λ x ) x ∈ X as in Theorem 4.3. Assume the following.
(A1) There exists x 0 ∈ X such that Q x 0 = P , (A2) The set {x 0 a : a ∈ P } is dense in X, and
We show that if (A1), (A2) and (A3) are satisfied then C * red (P ), or equivalently W(P ), is isomorphic to C * red (X ⋊ P ). First we show that such a compact space exists.
Lemma 5.1 Let (X, P ) be the dynamical system considered in Example 3.3 and W ⊂ Int(P ) be open. Then XW = {A ∈ X : A ∩ W = ∅} which is open in X.
Proof. Now suppose A ∈ XW . Then A = Bw for some w ∈ W and B ∈ X. Since P −1 ⊂ B, it follows that w ∈ Bw = A. Thus A ∩ W = ∅.
Let A ∈ X be such that A∩W = ∅. Choose a sequence a n ∈ P such that P −1 a n → A.
Choose w ∈ A ∩ W . Then there exists b n ∈ P such that b −1 n a n → w. Now X is compact. By passing to a subsequence, if necessary, we can assume P −1 b n converges and let B ∈ X be its limit. Since the action is continous, it follows that (P −1 b n )b −1 n a n converges to Bw. But P −1 b n b −1 n a n = P −1 a n converges to A. Hence A = Bw for some B ∈ X and w ∈ W .
This completes the proof. ✷ Now we verify that the dynamical system considered in Example 3.3 satisfies (A1), (A2) and (A3). First we claim that if A ∈ X then Q A = A −1 . Let A ∈ X be given. It is clear that
Let g ∈ Q A be given. Then there exists a sequence a n ∈ P such that P −1 a n → Ag. Hence P −1 a n g −1 → A. But then a −1 n a n g −1 → g −1 . Thus g −1 ∈ A or equivalently g ∈ A −1 . Now suppose g ∈ A −1 . Choose a sequence a n ∈ P such that P −1 a n → A. Then there exists b n ∈ P such that b −1 n a n → g −1 . As the action of G on C(G) is continuous, it follows that P −1 b n = (P −1 a n )a −1 n b n converges to Ag. Hence Ag ∈ X i.e. g ∈ Q A . This proves the claim. Now take x 0 = P −1 ∈ X. By the above discussion, it is clear that (A1) and (A3) holds. Condition (A2) is just the definition of X. Now let (X, P ) be a dynamical system for which (A1), (A2) and (A3) holds. Consider the groupoid G := X ⋊ P with the Haar system (λ x ) x∈X . For f ∈ C c (G), let f : G → C be defined byf (x, g) = f (g). Since X is compact, it follows that f ∈ C c (G). Consider the Dirac delta measure δ x 0 on X. Since the orbit of {x 0 } is dense, it follows, from Proposition 2.17, Page 12 in [MR82] , that the induced representation Ind(δ x 0 ) gives a faithful representation of C * red (G). Also observe that
is unitarily equivalent to L 2 (P ). Now calculate to find that for f ∈ C c (G) and
Thus it follows that Ind(δ x 0 )( f ) = W f where f (u) = ∆(u)
Thus it follows that W(P ) ⊂ C * red (G). To see the other inclusion we need the following lemma. First we need a notation. If φ ∈ C(X) and
Lemma 5.2 Let F be a subset of C(X) which is closed under conjugation. Assume that F contains the constant function 1 and the algebra generated by F is dense in C(X). Then, with respect to the inductive limit topology on C c (G), the * -algebra generated by {φ ⊗ f : φ ∈ F , f ∈ C c (G)} is dense in C c (G).
Proof. Let φ 1 , φ 2 ∈ C(X) and f 1 , f 2 ∈ C c (G) be given. Now for (x, g) ∈ G,
Let a ∈ Int(P ) be given. Choose a decreasing sequence of compact neighbourhoods U n around a such that U n ⊂ Int(P ) and U n = {a}. Let f n ∈ C c (G) be such that f n ≥ 0, supp(f n ) ⊂ U n and f n (g)dg = 1. We claim that if φ, ψ ∈ C(X) and f ∈ C c (G) then w.r.t to the inductive limit topology (φ ⊗f n ) * (ψ ⊗f ) → φR a (ψ) ⊗L a (f ). It is clear from above formula that (φ ⊗ f n ) * (ψ ⊗ f ) is supported in X × U 1 supp(f ) which is compact. Let ǫ > 0. Since X is compact and f is compactly supported, it follows that there exists N ∈ N such that for n ≥ N, (x, u, g) ∈ X × U n × G, we have
We leave the details of the proof to the reader. Now let n ≥ N be fixed. Now calculate as follows to find that for (
This proves the claim. Now let A be the * -algebra generated by {φ ⊗ f : φ ∈ F , f ∈ C c (G)}. Since F is dense in C(X), it is enough to show that for φ 1 , φ 2 , · · · , φ n ∈ F and f ∈ C c (G), (φ 1 φ 2 · · · φ n ) ⊗ f ∈ A. We prove this by induction on n. For n = 1, it is clear. Now let φ, φ 1 , φ 2 , · · · , φ n ∈ F and f ∈ C c (G) be given. Set ψ = φ 1 φ 2 · · · φ n . By induction hypothesis, it follows that ψ ⊗ f ∈ A.
By our preceding discussion, it follows that for every a ∈ Int(P ), φR a ψ ⊗ L a f ∈ A. Now let a n be a sequence in Int(P ) such that a n → e. Then φR an ψ ⊗ L an f → φψ ⊗ f . Thus it follows that φψ ⊗ f ∈ A. This completes the proof. ✷ Theorem 5.3 Let X be a compact space on which P acts on the right. Assume that the action X ⋊ Int(P ) → X is open. If (X, P ) satisfies (A1), (A2) and (A3) then W(P ) is isomorphic to C * red (X ⋊ P ). Proof. We have already shown that W(P ) ⊂ C * red (X ⋊ P ). Clearly 1 ⊗ f ∈ W(P ) for f ∈ C c (G). In view of Lemma 5.2 and condition (A2), it is enough to show that (φ f ⊗g) ∈ W(P ) for f, g ∈ C c (G). Here
This is exactly Proposition 3.5 in [MR82] . One just have to replace 1 X (xt) in [MR82] by 1 Qx (t). This completes the proof. ✷
Morita equivalence
Let X be a compact Hausdorff space on which P acts on the right. Assume that the action X ⋊ Int(P ) → X is an open map. The aim of this section is to show that X ⋊ P is equivalent to a transformation groupoid of the form Y ⋊ G. Let X 0 = XInt(P ). We construct a locally compact space Y , a right action G on Y and an embedding j : X → Y such that
(1) The embedding j : X → Y is P -equivariant,
is open in Y, and
Also Conditions (1), (2) and (3) uniquely determines Y up to a G-equivariant isomorphism. We leave this proof to the reader. We refer to [MRW87] for groupoid actions. Let G be a locally compact groupoid with a Haar system and Z be a locally compact space on which G acts on the left. Let ρ : Z → G 0 be the momentum map and r, s : G → G 0 be the usual range and source maps respectively. We assume ρ is open. Denote the set of compasable pairs in G × Z by G * Z i.e.
The set G * Z is a groupoid. The groupoid structure is given by
We recall the fact the map G * Z ∋ (γ, z) → γ.z ∈ Z is open. To see this, first observe that the second projection π 2 :
Since inv is a homeomorphism, the result follows.
If the action of G on Z is free and proper, the quotient G\Z is locally compact and Hausdorff. Recall that the action is said to be free if γ.z = z implies γ is a unit and proper if the map G * Z ∋ (γ, z) → (γ.z, z) ∈ Z × Z is proper. Now we recall the Mackey range contruction and deduce a condition under which a locally compact groupoid G endowed with a continuous cocycle c : G → G, where G is a locally compact group is equivalent to a semidirect product groupoid Y ⋊ G.
Let G be a locally compact groupoid with unit space X = G (0) , G a locally compact group and c : G → G a continuous cocycle. We define the left action of G on Z = X × G and the right action of G on Z by
The right action of G is obviously free and proper, but not the left action of G. The skew product G(c) is the semi-direct product groupoid G ⋊ Z. It is a substitute for the singular quotient Y = G\Z. The group G acts on G(c) by automorphisms and one can define the semi-direct product G(c) ⋊ G; since Z ⋊ G is equivalent to X, G(c) ⋊ G is equivalent to G. However, one prefers to define the Mackey range of the cocycle as the semi-direct product Y ⋊ G, whenever the quotient space Y makes sense. For example, in ergodic theory, Y = G\\Z is the standard quotient. Under the assumption that the left action of G on Z is proper, Y = G\Z is a locally compact space endowed with the continuous action of G. If moreover, the action of G on Z is free, the skew-product G(c) is equivalent to Y . Let us introduce some terminology. The first two definitions come from Definition 1.6 in [KS02] .
Definition 6.1 One says that a cocycle c : G → G is:
(1) faithful if the map from G to
(2) closed if the above map from G to
One observes that, with above notation, Z is a free G-space if and only if c is faithful and that Z is a free and proper G-space if and only if c is faithful and closed. There is a slight abuse of language in (3); an equivalent definition is that c −1 (e) ⊂ G (0) . It is clear that a cocycle which is injective is faithful and that the converse does not always hold. We do not know if (4) is still true if we do not assume G (0) compact.
We apply this to the semi-direct product G = X ⋊ P and the canonical cocycle c : X ⋊P → G, which is given by c(x, ab −1 ) = ab −1 . Since this cocycle is faithful and closed, G equivalent to the Mackey range semi-direct product Y ⋊ G, where Y = G\(X × G).
In fact, since c is injective and we assume that X is compact, G is isomorphic to the reduction (Y ⋊ G) |X ′ , where
Observe that for x ∈ X and a ∈ P , (x, a) ∈ X ⋊ P and (x, a).(xa, e) = (x, a). Since G = P P −1 , it follows that Y = a∈P X ′ a −1 . Now we verify that the image of
It is equivalent to showing that
is open in X × G. Let (x, g) ∈ A be given. Write g = ab −1 with a, b ∈ Int(P ). Let
0 denotes the image of X 0 . The Morita equivalence established in this section is useful to compute the K-groups. For example, we have the following version of Connes-Thom isomorphism for solid closed convex cones. Let P ⊂ R n be a closed convex cone (i.e. P is convex and αv ∈ P if α ≥ 0 and v ∈ P ). Assume that P spans R n . Then by duality theory, it follows that Int(P ) is dense in P . We use additive notation for actions of P .
Proposition 6.4 Let P be a closed convex cone in R n such that span(P ) is R n . Let X be a compact Hausdorff space on which P acts and assume that the action
Thus it remains to show that for i = 0, 1,
For a ∈ Int(P ), let A a be the closure of {f ∈ C c (Y ) : supp(f ) ⊂ X 0 − a}. Since (Int(P ), <) is directed, it follows that . In particular, it is established that the K-theory of the Wiener-Hopf algebra associated to polyhedral cones is trivial.
An example
We finish this article with an example. Let
The group G is isomorphic to the semidirect product R⋊(0, ∞). Let P = [0, ∞)⋊[1, ∞). Then P is a semigroup and we leave it to the reader to verify that P P −1 = P −1 P = G. follows that the groupoid X ⋊ P has a Haar system. We now verify the conditions (A1), (A2) and (A3) of Section 5. For (x, y) ∈ X, let Q (x,y) := {g ∈ G : (x, y).g ∈ X}. Then, by definition, it follows that Q (x,y) = a b 0 1 : x ≤ b, y ≤ a .
Let x 0 = (0, 1) ∈ X. Then Q x 0 = P . Note that the P -orbit of x 0 is (−∞, 0] × (0, 1] which is dense in X. Thus (A1) and (A2) are satisfied. Let (x 1 , y 1 ), (x 2 , y 2 ) ∈ X be such that Q (x 1 ,y 1 ) = Q (x 2 ,y 2 ) . Suppose x 1 < x 2 . Choose b ∈ R be such that x 1 < b < x 2 . Then 1 b 0 1 is in Q (x 1 ,y 1 ) but not in Q (x 2 ,y 2 ) . Hence x 1 ≥ x 2 . Similarly x 2 ≥ x 1 . Thus x 1 = x 2 . Let N ∈ N be such that N ≥ x 1 .
Suppose y 1 < y 2 . Choose a > 0 be such that y 1 < a < y 2 . Then a N 0 1 is in Q (x 1 ,y 1 ) but not in Q (x 2 ,y 2 ) . Thus y 1 ≥ y 2 . Similarly y 2 ≥ y 1 . Hence y 1 = y 2 . Thus (x 1 , y 1 ) = (x 2 , y 2 ). Hence (A3) is satisfied.
Also observe that Y = γ∈Int(P ) X 0 γ −1 = γ∈P Xγ −1 . Thus by Theorem 5.3 and the Morita equivalence established in Section 6, it follows that the Wiener-Hopf C * -algebra associated to P is isomorphic to C * red (X ⋊ P ) and is Morita equivalent to C 0 (Y ) ⋊ (R ⋊ (0, ∞)).
So far we have only considered the right regular representation. One could also consider the left regular representation. Suppose that P is a closed subsemigroup of G. Assume that P P −1 = P −1 P = G and Int(P ) is dense in P .
For g ∈ G, let L g : L 2 (G) → L 2 (G) be the unitary defined by L g (f )(x) = f (g −1 x). Let us denote the C * -algebra on L 2 (P ) generated by { g∈P f (g)EL g E dµ(g) : f ∈ C c (G)} by W ℓ (P ). Here E denotes the projection onto L 2 (P ). We denote the Wiener-Hopf algebra associated to the right regular representation by W r (P ). Consider the unitary U : . As before one can show that W r ( P ) is isomorphic to C * red ( X ⋊ P ) and Morita equivalent to C 0 (Y ) ⋊ (R ⋊ (0, ∞)). It would be interesting to decide whether W ℓ (P ) and W r (P ) are isomorphic or not.
